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SUMMARY

The solutions to the non-linear differential equations governing solute-solvent
coupling in the intercellular spaces of epithelial laycrs have been obtained by using
an analytical method, rather than the usual numerical ones. When the present series
solution includes second-orcder correction terms, the concentration and velocity
profiles obtained by the analytical method agree very well with those coming “rom
numerical solutions. This method has further allowed us to examine the standing-
gradient hypothesis when appiied to the backwards fluid transport system of the
corneal endothelium. With the information presently available for the relevant
parameters (osmotic permeability, rate of transport, radius and length of the spuces,
and location of the pumping sites), near-isotonicity of th: transported fluid woutd
not be explzined by the standing-gradient modei.

INTRODUCTION

A well-known explanation for the mechanism of solute-solvent coupling that
results in fluid transport in epithelia has been provided by the theory of standing-
gradient osmotic flow. Diamond and Bossert [1, 2], who quantitatively formulated it
have dealt with both the forwards and backwards cases. Before the formal formulation
of this theory was advanced, a model similar to the forwards case based on the
existence of local osmosis in long and narrow channels had been proposed by Heinz
[3] and later by Diamond [4]. The differential equation gcverning solvent flow
in terms of their model is a third-order non-linear one. For this reason, it has been
solved by using a numeri-al method on a digital computer {1, 2] or by analog com-
putation [5], Another procedure adopted has however been to linearize this eguation
by the application of a perturbation method [6]. Using what he branded as an
isotonic convection approximation, Segel [6} obtained the first order solution to
this differential equation for the forwards case. Although he obtained the second-
order solution in an Appendix for the forwards case, Segel did not take into accouat
this second-order correction in detail in his report. Furthermore, the second-order
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solutions for the velocity given in that Appendix appear to suffer from an omission,
since a term in x? should be present in the solution (see eqn. 11 bsiow). In the present
communicatior. we report that, by extending his procedure to include this second-
urder approximation in detzil, the solutions obtained for both the forwards and the
backwards cases give excellent agreement in comparison with results obtained by
rumerical methods. This method has further allowed us to examine in detail the

standing-gradient thecry as an explanation for fluid transport in the particular case
of the cornzal endothelium.

THEORY AND RESULTS

Following the procedure used by Segel [6] for the forwards case, the differential
equations governiig the backwards case are written as {'ollows (cf. ref. 7 for the general
theory of perturbation analysis):

wk2Co—22dCldx = —k2» (f)

for0gsx<1 {1a)
and

for 1l < x< 2 (1b)
(C—1) = vdv/dx (2)

where » = No/C3P: k* =2C PL%*/rD; 1= L[d;

Ny == the solute output rate per unit area of intercellular channel wall, which is
assumed to be uniform; v = the velocity of fluid at the point x in the channel;
P = the osmotic permeability of the channel wall; C, C, = the concentrations of
solute at the point x in the channel and in the ambient solution, respectively; d =
the length of the solute pumping region assumed to be located at the closed end of
the cham.el; D = the diffusion constant of the solute; L = the length of the channel;
and r = *he radius of the channel. The geometry of the system is assumed to be

that of a cylinder with one end closed and the other end open. The boundary condi-
tions used are as follows:

(@) Atx=0, v =0 or defdt =0 (3)
(b) At x =4, C/Cy =1 4)
(c) A. x =1, C and v are continuous (5)

It should be noted that the boundary conditions and the form of the differential
equztions have not been changed from the ones used by others [, 2, 6] because it is
intended in this study to compare the results obtained by two approaches: numerical
and analytical. It should be also noted that the boundary conditions Eqns. 3 anc 5
in particular are not in conformity with the available experimental data presenily
available; in all likelihood, at x = 0, v # O, since the intercellular junctions are
permeable to molecules as large as horseradish peroxidase [8] and presumably also
to water. Similarly, the continuity conditions at the boundary x := 1 nced not be
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included since the evidence pcints to the existence of transporting sites uniformly
alung the channel [9]. Letting the solution to the differential equation be the sum of
terms with the perturbation parameter » as the expansion coefficient and C¥ and
v as variables, the differential equations are linearized by collecting the terms
with the same power of » and can be integrated easily.

The first order solutions obtained are as foilows:

C{V(x) = A, cosh kx/i—1 (6)
v{%x) = AjkA, sinh kx/i—x (M
for a region [k, where the active transporting sites would be situated, and

C{P(x) = — A, cosh k(1 —x/A) ®)
viP(x) = i/k 4, cosh k(1--x/2)—1, ¢)]

for a region {7, *vhere there would be no transporting sites. In the equations above,
A, = cosh k(i —1/3)/cosh & and A4, = sinh k/i/cosh k.

The plots of the first order solutions for the forwards (see ref. 6) and backwards
cascs are shown in Figs. 1 and 2 respectively. For curve 4 in Fig. 1 and curve 1 in
Fig. 2, the agreement between the first order calculation and the computer calculations
{i, 2] also shown in those figures is excellent. Higher order corrections however
appear to be needed for the rest of the curves. In order to achieve this, a secoad order
correction can in turn be obtained by solving the equation

Concentration (Csm)

20 40 €0 80 . 100
Distance from Closed End of Channel (x«m)

Fig. 1. Comparison of the concentraticn profiles obtained by +n analytical method (present stidy)
with the ones obtained by Diamond and Bossert [1, 2] for the forwards system. The solid lines
represent curve 1, the long broken lines curve 2, the short broken lines curve 3, and the dotted line
curve 4 of Diamond and Bossert. The triangle, snuare, and circle represent, respectively, the curves
predicted by the first-order term, first- plus second-order terms (of the series of solutions to the

differentia! equation), and those of Diamond and Bossert. The light soiid line at 0.3 osM. indicates the
ambient osmolarity. )
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Fig. 2. Comparison between the results of the presenc study and the ones reported by Diamonid and
Bossert [2] for the backwards systemn. The lines and symbols represent the same curves as Fig. 1.

120000 g2t = k2pOC) (10)
For region 1, substitution of Eqns. 6 and 7 into Eqn. 10 gives

AlpOrr_k2p) = k2(A, cosh kx/A—1)(AlkA, sinh kx/A—1)

The solution of this equation is:

o' = B, cosh kx4 C, sinh kx/i—x--k/44 A, y* sinh kx/A—4,/4 x cosh kx/A
4 Ak A2/6 sinh 2 kx/i (1)

and by differentiation,

Ci*(x) = k/A(B, sinh kx/i+C, cosh kx/i— A,[2 x sinh kx/A
— A, /4{k!2)x? cosh kx/i-—A,/4 x sinh kx/4)
-~A4,/4 cosh kx/i+{ A3/3 cosh 2 kx/A-—- ¢ (12)

Ean. 11 should be compared with the onc given in Appendix B (Segel, ref. 6).

By substituting ¢f?’ and C}’ into Eqn. 10, and using the same procedure as with
Egns. 11 and 12, one has

v} (x) = B, cosh kx/i+C, sinh kx/i—Ajk(A3/6) sinh 2 k(1 -—x/2)
—(k/AX(A2/2)x cosh k(1 --x/2) (13)
and

1w (x) = k/i(B, cosh kx/A+C, cosh kx/A)+A3/3 cosh 2 k(1 —x/A)
-—(k/2)(A2/2) cosh k(1 —x/2)+(A/2)(k/A)x sinh k (1 —x/) (14)

The constants B,, C;, B, and C, arc obtained by using the boundary conditions,
Eqns. 3, 4 and 5; they are as follows: B, = 0,
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k/AB, = A2/3 sinh k/A cosh 2 k(1 —1/A)+ A2/6 cosh k/4 sinh 2 k(1—1/2)
+4-(k[A)*(A2[2) rosh k—(kj2)(A,/2) sinh k/4 cosh k (1—1/4)
+-(k/A)(A,/2) (sinh kfA1)2—(k/A)si /8- A;/4 cosh k[A sinh k]2
~-A2[3 sinh k/Z cosh2 k/A-+sinh &z/A—k[A cosh k[A+ A6 cosh k/A sinh 2&/4,
and

C, = A,jcosh k (3—A,/3 (A/k))—tanh k 3,, and C, cosh k/. = 3 4,/4
sinh kA4 A4,/4 (k/3} cosh kjA+ B, smbh k/2
+C, cosh kfA-+a/k A%/3 cosh 2k(1-~1/1)— A4,/2 cosh k(1 —1/4)
4+ A,/2(k/A) sinh k (1—1/A)+A/k (4,/4 cosh k/A—A2[3 cosh 2 kf2-+1).

it may bes noted that when v is small, higher order terms can be neglected. The
solutions including the second order corrsction terms are as tollows:

v(x, ) = V'O {15)

C(x,%) = 1 +¥COL32CD (16)

Some of the results that can be obtained with these solutions are also shown
in figs. 1 and 2, together with the ones . btained through computer calculations by
Diamond and Bossert 1, 2). Irn order to test our solutions, we have used the same
values for the parameters as employed by Diamond and Bossert {1, 2]. It can bz
clearly seen that with the second-order correction the comparison is ex:cellent for
curves 2, 3, and 4 in Fig. 1. Curve 1 of Diamond and Bossert [1] appears howaver
to agree beiter with the first-order than wich the second-order solution. An explana-
tion for this discrepancy right come from the fact that the solutions obtained (Eqns.
15 and 16) are functions of both k and », which in turn are dependent on parameters
such as permeability (P) and rate of transport (Ny). Both & and » for curve 1 are
large (see Table 1) compured with the parameters used for the rest of the curves.
As a result, the second order correction is large, and higher order correciions seem
to be needed. All backwards concentration profiles are shown in Fig. 2. Since there
is no term where both & und » are large, it is seen that the agreerient between our
results and that of Diamend and Bossert [2] is excellent. From the comparison made
so far batween the analytical and numerical mesthods, it is clear that no terms higher
than second-order corrections are needed for the cases considered except the one
discussed above. Consequently, it appaars that no elaborate time consuming computer
analysis is required for the gradient analysis. The solutions given by Segel [6] and
by us in this report should suffice in order to obtain the concentration and velocity
profiles linked to epithelial fluid transport.

Another important parameter associated with the standing-gradient osmotic
theory is the osmolarity of the e:nergent fluid, which is given by;

0, ~c J' R(R)F/as(L) ~ Coe(L) (17)
L]

the normalized osmolarity is given by;

0, = 0,/Co = 1/v(L)
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Velocity x 103 (cm/sec)

Distance irom Ciosed End of Channel (um)

Fig. 3. Plots of the velocity profiles of the backwards system is a function of the Jdistance from the
closed end of the channel. The lines and the symbols are as defined as in Fig. 1.

The normalized osmolarity is dependent only on the velocity at the open end of the
channel, as shown above. The velocity profiles for the backwards case [2] are shown
in Fig. 3. In Table 1 we compare presently calculat:d osmolarity values with those
coming from previous procedures (Diamond and Bossert, numerical analysis solution
on a digital computer {1, 2]; Hempling, solution on an analog computer [5]). It can
be seen that Hempling's results are somewhat bigher than those of Diamond and
Bossert or ours. The close agreement between Diamond and .Bossert’s and oar data
shows that both numerical and perturbation analysis can yield similar detailed
informatiun regarding the standing-gradient osmotic profiles. It appears that the
analytical method depicted here is accurate enough, and simpler and much less
time-consuming in comparison with the numerical methods.

DISCUSSION

The procedure presertly reported has bzen further used in order tc ~<amine
a central question regarding the standing-gradient model. Hill [10] has :ecently
raised questions as to the feasibility of the standing-gradient theory for explaining
osmotic flow in epithelia based on the fact that, as he reported it, the value of the
osmotic permeability should be greater than the values experimentally measured by
two orders of magnitude in order to explain isotonic flow of solute under all condi-
tions. If extrapolated, this assertion would b2 also valid for the case of the corneal
endothelial preparation that we have examined here in detail. For this backwards
system with parameters: D = 1.54 X103 cm?(s; r = L.5x167% cm; Cy = 0.3 osM;
L = 12x10"*cm; Ny == 8.5 107 ® mosM/cm? per 5; P = 4.8 x 10”5 cm/s per osM,
the plots of osmolarity of the transported fluid (from Eq. 17) as 2 function of perme-
ability are depicted in Fig. 4 for two cases: (a) pumps restricted to the 1/10 of the
channel length nearest to the closed end (A = 10) {cf.. refs. 1, 2), (b) pumps uniformly
distributed along the chunnel (2 = 1) (ct. ref. 10). As shown in Fig. 4, the fluid trans-
ported comes out to be hypertonic for either case, by a factor of about 3 and 2 for the
4 =1 and the 4= 10 cases respectively. This might be a reflection of the fact that the
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Fig. 4. Normalized osmolarity vs. osmotic permeability. 2 = 1, and 2 = 10 correspond respectively
to the cases in which the transporting sites are assumed to be located uniformly zlong the entire
channel length and along one-tenth of the length from the closed end of the channel. Increasing 4
above 10 does not shift the curve measurably from the case of 4 = 10.

length of the corneal endothelium intsrcellular channel is comparatively short
{approx. 12 um), which is substantially less than the channel lengths considered
for other fluid transporting enithelia. In order to achievz isotonic flow in this prepara-
tion with the parameters abyve, the magnitude of permeability must be about 1073
cm/s per osM, which is again about two orders of magnitude larger than values
experimentally measured in this * and other similar tissuss. In this, the present results
agree with similar contentions recently made by Hill [10]. The only alternative way
to achieve isotonic flow with the observed values for osmotic permeability would
bz to increase the length and/or decrease the radius of the channel. Since the perme-
ability needed for isoton:c transport would be about 100-times larger than the one
experimentally measured®, the ratio /L?/¢ in the parameter ¥ must be 10° to
compensate for the high value of the osmotic permeability. The value for the radius
(1.5x107° cm) used in the above estimate is the smallest one observed in electron
micrographs {11]. The value of L (12 x10™* cm) used here takes into account the
tortuosity of the channel, and should therefore be considered as the maximum
possible value. Calculations from recent measurements®* further suggest that the
fluid transported by the endothelium would not be far from isoteonic. Though the
discrepancy involved. is not large, in view of the present evidence, it appears that the
standing-gradient theory for osmotic flow as originally formulated might not quite
explain nesr-isotonic fluid transport in this preparation. Either a modified theory or
alternative models, such as the double membrane one [12, 13], electro-osmosis {10]
or pinccytosis would also deserve careful consideration.

—_— o ——

* Fischbarg, J. and Lim, J. J., in preparation.
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