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SUM M A R Y  

The solutions to the non-linear differential equations governing solute-solvent 
coupling in the intercellular spaces of epithelial layers h~ve been obtained by using 
an analytical method, rather ~han the usual numerical ones When the present series 
solution includes second-order correction terms, the concentration and vebcity 
profiles obtained by the analytical method agree very well with those coming ::rom 
numerical solutions. This method has further allowed us to examine the standing- 
gradient hypothesis when applied to the backwards fluid transport  system of the 
corneal endothelium. With the information presently available for the relevant 
parameters (osmotic permeability, rate of  transport, radius and length of the sp;tces, 
and location of the pumping sites), near-isotonicity of th,~ transported fluid would 
not be expl¢ined by the standi~.g-gradient model. 

INTRODUCTY, O N  

A well-known explanation for the mechanism of solute-solvent coupling that  
results in fluid transport in epithelia has been provided by the theory of  standing- 
gradient osmotic flow. Diamond and Bossert [l, 2], who quantitatively formulated it 
have dealt with both the forwards and backwards cases. Before the formal formulation 
of  this theory was advanced, a model similar to the forwards case based on the 
existence of local osmosis in long and narrow channels had been proposed by Heinz 
[3] and later by Diamond [4]. The differential equation geverning solvent flow 
in terms of their model is a third-order non-linear one. For  this reason, it has been 
solved by using a numeri-~l method on a digital computer [1, 2] or by analog com- 
putation [5]..~nother procedure adopted has however been to linearize this equati3n 
by the application of a perturbation method [6]. Using what he branded as :in 
isotonic convection approximation, Segel [6] obtained the first order solution to 
this differential equation for the forwards case. Although he obtained the sccon~t- 
order solution in an Appendix for the forwards case, Segel did not take into accou~lt 
this second-order correction in detail in his report. Furthermore, the second-order 
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solutions for the velocity given in tha t  Appendix  appear  to suffer f rom an omission,  
since a t e rm in x 2 should be 9 f e i n t  in the solut ion (see eqn. 11 below). In the present  
communicat ior ,  we report  that ,  by extending his procedure  to include this second- 
order  approx imat ion  in detaiil, the solutions obta ined for bo th  the forwards and  the 
backwaxds cases give excelh:nt agreement  in compar i son  with  results obta ined by 
numerical  methods.  This rr~ethod has fur ther  al lowed us to examine in detail  the 
s tanding-gradient  theory  as an  explanat ion for fluid t ranspor t  in the par t icular  case 
of  the corneal endothel ium.  

T H E O R Y  A N D  R E S U L T S  

Fol lowing the procedure  used by Segel [6] for the forwards case, the differential 
equat ions  govern~:.g the backwards  case are writ ten as follows (of. ref~ 7 for the general 
;heory of  per turba t ion  analysis):  

- ( : )  
for 0 <  x <  I ( l a )  

and  

for 1 < x ~< ~. ( l b )  

(c- l) -- , v/dx (2) 
where v - -  No/C2oP; k 2 = 2 C o P L 2 / r D ;  A = L / d ;  

N o - - - t h e  solute ou tpu t  rate per unit  a rea  of  intercellular channel  wall, which is 
assumed to be uniform; v ~ - t h e  velocity o f  fluid at  the point  x in the channel ;  
P ----- the osmotic  permeabi l i ty  of  the channel  wall; C, Co = the concentrat ions of 
solute at the point  x in the channel  and  in the ambien t  solution, respectively; d---- 
the length, of  the solute pumping  region assumed to be located at the closed end of 
the ch~nl,cl: D --  the diffusion constant  o f  the solute; L - -  the length of  ~he channel;  
and  r - -  *.he radius of  the channel.  The geometry  of  the system is gssumed to be 
tha t  of  a cylinder wi th  one end closed and  the other  end open. The boundary  condi- 
t ions used are as follows: 

(a) At  x --  0, v - -  0 or  d c / d t  - -  0 (3) 

(b)  At  C /Co  = I (4) 

(c) A,  x - -  !, C and  v are cont inuous  (5) 

It should  be noted tha t  the bounda ry  condit ions and  the form of  th~ differential 
equ;:tions have not  been changed f rom the ones used by others  [l ,  2, 6] because it is 
in~eaded in this study to  compare  the results obta ined by two  approaches:  numerical  
and analytical.  It should  be also noted  tha t  the boundary  condit ions E ~ s .  3 an~. 5 
in par t icular  are not  in conformity  with the available exper imental  da ta  presen'dy 
available;  in all l ikelihood, at  x = 0, v ~. 0, since the intercellular junct ions  are 
permeable  to  molecules as large as horseradish peroxidase [8] and  presumably  a~so 
to water.  Similarly, the cont inui ty  condit ions at  the boundary  x - =  1 n t~d  not be 
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included since the evidence points  to the existence of  t ransp,)r t ing sites un i formly  
along the channel  [9 ]. Let t ing the solut ion to  the differential equa t ion  be the sum of  
terms wi th  the  per tu rba t ion  pa ramete r  v as the expans ion  coefficient and  Cm and  
v~D as variables, the differential equat ions  are l inearized by collecting the terms 
with the same power  of  v and  can be integrated easily. 

The first order  solutions, obta ined axe as follows: 

C[*)(x) = .,4, cosh k x / g - -  I (6) 

v~o)r..~ = A/kA 1 l ,...p sinh k x / ~ - - x  (7) 

for a region [, where the active t ranspor t ing  sites w,)uld be si tuated,  and  

C ,? ' (x )  = --,,12 cosh k ( l - - x / A )  (~) 

v(~°)(x) : A/k .42 cosh k ( l - - x / A ) - -  I. (9) 

for a region 1~, where there would  be no t ranspor t ing  sites. In the equat ions  above,  

~11 --  cosh k( :  ~ l /A)/cosh k and  A2 -~ s inh k/A/cosh  k. 

The plots of  the first order  solutions for the forwards (see ref. 6) and  backwz~rds 
cases are shown in Figs. 1 and  2 respectively. For  curve 4 in Fig. 1 and  curve 1 in 
Fig. 2, the agreement  between the first order calculat ion and  the compute r  calculat ions 
[l,  2] also shown in those figures is excellent. Higher  order correct ions however  
appea r  to  be needed for the rest of  the curves. In order to achieve this, a second order  
correct ion can in tu rn  be obta ined by solving the equat ion  
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Fig. 1. Compar ison o f  the concentrat ion profiles obta ined by tn analytical method (present stl~dy) 
with the enos obta ined hy D i a m o n d  and Bosscrt  [1, 2] for  the forwards  ~ystvm. The solid ~incs 
r©present curve 1, the  long broken  lines curve 2, the short  brok©rt fines curve 3, and the. dot ted line 
curve 4 o f  D i a m o n d  and  Bossort. The  triangle, s2uar¢, and circle represent,  respectively, the curves 
predicted by the first-order term, first- plus second-order t©rms (of  the series o f  solt~tions to the 
differentia~ equat ion) ,  and  those o f  D i a m o n d  and Bossert. The light soiid line at 0.3 osM. indicates the 
ambient  osmolari ty.  
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Fig. 2. C o m p a r i s o n  be tween ;he  resqlts o f  the  present  s tudy a~-td tho ones  repor ted  by D i a m o n d  and  
Bossert  [2] for the  backwaxd.~ system, T h e  lines and  symbols  represent  the  smwe curves as Fig. I. 

).2v(°) . . . .  k2v o) -- k2v(°)C 0) (10) 

For  region I, substi tution of  Eqns. 6 and 7 into Eqn.  10 gives 

).2vc')"--k2t,(') -- kS(At cosh kx/) . - - l  )(A[kA, sinh kx /A- - I )  

The solution of  this equat ion is: 

t'~ t) -- Bt cosh kx l ) .÷Ct  sinh kxl).--x--k/4~. A iX z sinh kx/A--,¢ ,/4 x cosh kx/3. 
+~.//c 2, A ,r6 sinh 2 kx/A (I 1 ) 

and by dift~rentiation, 

C~'~(x) = k/A(B t sinh kx]A + C t  cosh kx /A- -At /2  x sinh kx/A 
- -A, /4(k /g)x:  cosh kx /Ak-Ai /4  x sinh kx/A) 
- - A l / 4  cosh kx/).o~-d~/3 cosh 2 kx/iL-- i (12) 

Eqn. l l should  be compared  with the one given in Appendix B (Segel, ref. 6). 
By substi tut ing v[ °) and C~, I) into Eqn. 10, and using the satrm pn~n~lur© as with 
Eqns. I ! and  12, one ha~ 

V[n')(x) =--- Bz cosh kx lA+Cz  sinh i,'x/~.---~/k(A~16) sinh 2 k ( | - - x /A)  
cosh k ( I -x l ; . )  (13) 

and 

= k/A(B2 cosh k.r/;.+C2 cosh kx/A).+-A2,13 cosh 2 k(l  - -x /2)  
--(k/2XA212) ,:osh k ( I - -x / ) . )+ (Aa /2 ) (k lA)x  sinh k (1--x/,~.) (14) 

The constants  Bt ,  Ct,  B:e and  (22 are obtained by using the boundary  condit ions,  
Eqns. 3, 4 ;~cl 5; they at© as follows: B t ~ 0, 
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k/gB2 -- A~/3 sinh k/), cosb 2 k( l - - ]~/A)+A[/6 cosh k/g sinh 2 k ( l - -  l/A) 
-+-(k/X)2(A2/2) cosh k--(k/A)(A2.i2 ) sinh k/g cosh k (1-- I/A) 
+(k/X)(A,12) (sinh k/A)2--(k/A)/~/4+ A t/4 cosh k/A sinh k/;. 
--A2/3 sinh k/A cosh2 k/~.+sinhi:/,~.--k/,~ cosh k/;~ + A~/6coshk/Asinh2k/A, 

anti 

Cz = Az/cosh k (½--A2/3 (2 /k)) - - tanh k ~2, and C, cosh k/;. = 3 At~4 
sinh k/g+ A t/4 (k]2) cosh k/R-C-B, .~inh k/2 
+ C a  cosh k/3.+,~/k A22/3 cosh 2 k ( l -  1/~)--A212 cosh k ( l -  1/~) 
+ A2/2(k/,;.) sinh k (1--  l/).)+2/k (A t/4 cosh k/R--A2/3 cosh 2 k/2+ l). 

It may be noted that  when v is small, higher order terms can b :  neglected. The 
solutions including the second order correction terms are as follows: 

V(X, ~') = V ( ° ) + v v  ( l )  ( 1 5 )  

C(x, v) ~ | +vC(t)+v2C t2) (16) 

Some of the results that  can bv obtained with these solutions are also shown 
in ~gs. ! and 2, together with t~he ones .,btalned through cornputer calculations by 
Diamond  and Bossvrt [!,  2]. In order to test our  solutions, we have used the same 
values for the parameters as employed by Diamond and Bossert [l, 2]. it can b~ 
clearly seen that  with the second-order correction the comparison is exmllent for 
curves 2, 3. and 4 in Fig, !. Curve ! oi" Diamond and Bossert [I ] appears however 
to agree b: t ter  with the first-order than wkh the second-order solution. An explana- 
tion for thi,.; discrepancy e',ight come from the fact that the solutions obtained (Eqns. 
1 5 and 16) are functions ()f both k and ),, which in turn are dependent on parameters 
such as permeability (P) and rate of transport (No). Both k and v for curve 1 are 
large (see "Fable I) comlx~red with the parameters used for the rest of the curves. 
As a result, the second order correction is large, and higher order corrections seem 
to b~" needed. All backwards concentration profiles are shown in Fig. 2 Since there 
is no term where both k and i, are large, it is seen thitt th~ agrec)'tent b:twoen our  
results and that of Diamond and Bossert [2] is excellent. F rom the comparison mad~ 
so far between the analytical and numerical m~thods, it is clear that no terms higher 
than second-order corrections are needed for the cases considered except the one 
discussed above. Consequently, it appears that no elaborate time consuming computer  
analysis is required for the gradient analysis. The solutions given by Segel [6] and 
by us in t.~is report should suffice in order to obtain the concentration and velocity 
profiles linked to epithelial fluid transport.  

Another  important  parameter associated with the standing-gradient osmotic 
theory is the osmolarity of the emergent fluid, which is given by: 

O, = c ,.~(.~)d.~/a~(L)--- Co/v(L) (17) 

the normalized osmolarity is given by; 

o. = O,/Co = I/v(L) 
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DistonOl~ ~rom CloUd End of Cl~nnel (//.m) 

Fig.  3, P lo t s  o f  the  ~.'¢locily prof i les  o [  t he  b a c k w a r d s  s y s t e m  ;xs a f u n c t i o n  o f  t h e  distance,- f r o m  th© 
c l o s e d  e n d  o f  t he  c h a n n e l .  T h e  l ines a n d  t h e  s y m b o l s  a rc  as 0~.~fin©d as  in  Fig .  1. 

The normaliz,:d osmolarity is dependent only on tht~ velocity at the open end of the 
channel, as shown above. The velocity profiles for th :  backwards case [2] are shown 
in Fig. 3. in "Fable I we compute presently c;dculat~:d osmolarity values with *,hose 
coming from previous procedures (Diamond and Bossert, numerical analysis solut,on 
on a digital computer  (i, 2]; Hempling, solution on an analog computer [5]). It can 
be :,.een that Hempling's results are somewhat higher than those of  Diamond and 
Bossert or ours. The close a~reement b=twe~n Diamond and.Bossert 's and o:tr data  
shows that both numerical and perturbation analysis can yield similar de~ailed 
informatiun regarding the standing-gradient osmotic profiles. It appears that  the 
analytical mcqhod depicted here is accurate enous,,h, and simpler ~md mw-h less 
tim~-consuming in comparison with the numerical methods. 

D I S C U S S I O N  

The procedure presently reported has been hLrth.-r used in order tc, , . tamine 
a central question ~ p s d i n g  the standing-gradient model. Hill [10] has ~ccently 
raised questions as to the fe~ibil i ty of  the standing.-gradienl ,'heory for explaining 
osmotic flow in epithelia based on th,~ tact that,  as he reported it, the value of the 
osmotic penneabilily should be greater than the vabtes experimentally measured by 
two orders of  magnitude in order to explain isotonic flow of  solute under all con~-  
lions, If extrapolated, this as,~ertion would b-- ~so  ~ralid for th? case o~" the corneM 
endothelial preparation that we helve examined here in detail, For this backwards 
system with parameters: D ---- 1.54× 10 - s  c m 2 / s ;  r =-~ 1 ,5  X 1 0  - 6  c m ;  C o ~ 0 . 3  o s M ;  

L = 12 ×10 -4  cm; No = 8.5 × 10 - a  mosM/cm 2 per s; P = 4.8 x 10 - s  cm/s pe~ osM, 
the plots of  o~nolarity of  the transported fluid (from Eq. 17) as ~ function of  pexme- 
ability axe depicted in Fig. 4 for two ca'~s: (a) pumps restricted to the 1/10 of  the 
channel length nearest to the closed end (~ = 10) (cf. refs. 1, 2), (b) pumps uniformly 
distributed along the channel (~ = 1) (cf. ref. 10). As shown in Fig. 4, the fluid trans- 
ported comes out to be hypertonic for either case, by a factor of  about  3 and 2 for the 

= I and the t = 10 cases respectively. This m i ~ t  be a reflection of the fa~t that  the 
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~o" ~o-" lo-" lo'~ ~o-" i ~  lci -~ ~-~ 
Osmotic t:~ermeability (crn,'sec-Osm) 

Fig. 4. Normalized osmolarity ~s. oswotic permeability. ~ = l, and ~ = 10 correspond respectively 
to the cases in which the transporting sites are assumed to be located uniformly ~long the entire 
channel length and along one-tenth of th¢ length from the closed end of the chart,el. Increasing 
above 10 does not shift the curve measurably from the case of JL = i0. 

length of the corneal enc~olhelium intercellular che~nel  is cornparatively short  
(approx.  12 pm) ,  which is .~.ubstantially less than  the channel  lengths considered 
for other  fluid t ranspor t ing  c;)ithelia. In order  to achieve isotonic flow in this prepara-  
t ion with  the parameters  ab)ve ,  the magni tude  of  permeabi l i ty  mus t  be about  10 -3  
cm/s per  osM,  which is af, ain abou t  two  orders of  magni tude  le:rger than  values 
experimental ly  measured  in 'this * and  other  similar  tissues. In this, the present results 
agree with similar content~.ons recently made  by Hill [10]. The only alternative way 
to achieve isotonic flow wi~:h the observed values for osmotic  pel~meability would  
be to increase the length ~,nd/or decrease the radius of the channel. Since the perme- 
ability needed for isoton-,c transport would be about 100-,times larger than the one 
experimentally measur~i*,  the ratio ~L'~/r in the parameter k must be 102 to 
compensate  for the high ~ z e  o f  the osmotic  permeability. The value for the radius 
0 . 5  × 10 -6  cm) used in the above estimate is the smallest one observed in electron 
micrographs  [i l ]. The value o f / ,  (12 x 1 0 - "  cm)  used here takes ~,nto account  the 
tor tuosi ty  of  the channel ,  ;rod should  therefore be considered as the m a x i m u m  
possible value. CaJc~Jlations f rom recent measurements*  fur ther  suggest tha t  the 
fluid t ranspor ted  by the enctothelium would  not  be fax f rom isotonic. T h o u g h  the 
discrepancy involve£, is no t  large, in view of  the present  evidence, it appears  tha t  the 
s tanding-gradient  theory for osmotic  flow as originally formula ted  might  not  quite 
explain ne-~:'-'soton~_c fluid trs~zsport in this preparat ion.  Either a me,lifted theory or 
al ternat ive models,  such as tlle double  membrane  one [12~ 13], electro-osmosis [10] 
or  pine~ytosis would  also deserve careful consideration.  

< Fischbarg, J. and Lira, J. J., in preparation. 
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